The Fubini-Study metric of quantum state manifold generated by the operators which satisfy the Heisenberg Lie algebra is calculated. The similar problem is studied for the manifold generated by the so(3) Lie algebra operators. Using these results, we calculate the Fubini-Study metrics of state manifolds generated by the position and momentum operators. Also the metrics of quantum state manifolds generated by some spin systems are obtained. Finally, we generalize this problem for operators of an arbitrary Lie algebra.
Introduction
The investigation of the geometrical properties of quantum state manifolds is often useful in the study of the evolution of quantum systems [1, 2, 3, 4] . The information about the geometry of manifold which contains all states achieved during the evolution of quantum system allows us to simplify the exploration of the system dynamics. For instance, the Hamiltonian which provides the time-optimal evolution between two quantum states was obtained using the symmetry properties of quantum state space [5] . This is the solution of the so-called quantum brachistochrone problem [6] . The conditions for time-optimal evolution of a spin- 1 2 in the magnetic field were obtained using the fact that the whole state space of this system is represented by the Bloch sphere [4, 7, 8, 9] . So, it was obtained that the optimal evolution happens when the magnetic field is orthogonal to the initial and the final states. Then the state evolves through a trajectory which is a geodesic line on the sphere. Similar problems for the spin-1 and arbitrary spin were solved in [10] and [11] , respectively. Also the geometry properties of multilevel quantum systems are intensively examined [12, 13, 14, 15, 16, 17, 18, 19] because they could be more efficient for quantum computation than qubits [20, 21, 22] . It was shown that the problem of finding of the quantum circuit of unitary operators which provide time-optimal evolution on a system of qubits [23, 24, 25, 26] and qutrits [27] is related to the problem of finding the minimal distance between two point on the Riemannian metric. These results are important for the implementation of quantum computations [28, 29, 30, 31] .
For example, in [32] it was shown how the geometry of n-qubit quantum space is associated with realization of quantum computations.
The method, which allows us to study the geometry of quantum state manifolds, is based on the investigation of their Fubini-Study metric. The Fubini-Study metric is defined by the infinitesimal distance ds between two neighboring pure quantum states |ψ(ξ µ ) and |ψ(ξ µ + dξ µ )
where ξ µ is a set of real parameters which define the state |ψ(ξ µ ) . The components of the metric tensor g µν have the form
where γ is an arbitrary factor which is often chosen to have value of 1, √ 2 or 2 and
One can find more about this form of metric in papers [2, 4, 8, 33, 34, 35, 36, 37] . In Refs. [36, 38] the Fubini-Study metrics of some well known coherent state manifolds were obtained. In the articles the authors considered the atomic coherent states, generated by the action of the SU(2) displacement operator on the eigenstate of the z-component of the angular momentum operator which correspond to the lowest eigenvalue. They obtained that the metric of manifold defined by these states is that of the sphere. In [11] this problem was generalized in the case of the manifold which contains the states achieved by the rotation of the eigenstate of the operator of projection of arbitrary spin on some direction. In this case the manifold is the sphere with the radius dependent on the value of the spin and on the value of the spin projection. In another paper [39] the geometry of the ground state manifold of the quantum XY chain in a transverse magnetic field was considered. In this case the authors found that the metric tensor of this manifold depends on the exchange coupling and on the value of magnetic field. In our previous papers [40, 41] we studied the quantum evolution of a two-spin systems with isotropic and anisotropic interactions in the magnetic field. The interaction and the magnetic-field parts of the Hamiltonian commute between themselves. As a result we obtained that the metric of quantum state manifold is flat and depends on the ratio between interaction couplings and on the parameters of the initial states. In the present paper, we investigate the Fubini-Study metrics of manifolds generated by the Heisenberg Lie algebra (Section 2) and so(3) Lie algebra (Section 3) operators. Thus, we calculate the metrics of the quantum state manifolds of some physical implementations. Finally, we obtain the Fubini-Study metric of quantum state manifold generated by an arbitrary Lie algebra (Section 4).
2 The Fubini-Study metric of quantum states manifold generated by the Heisenberg Lie algebra operators
We consider the following unitary operator
where θ j , φ j are some real parameters and A j , B j are Hermitian operators, which satisfy the following Lie brackets
where δ jl is the Kronecker delta. These brackets generate the Heisenberg Lie algebra.
The unitary transformation of quantum state |ψ i under the action of operator (4) can be represented as follows
This state defined by real parameters θ j and φ j . Let us calculate the FubiniStudy metric of the manifold defined by these parameters. First of all, we calculate the following scalar products
where a bracket A denotes the expectation value with respect to |ψ i . Here we introduce the following notationÃ j = A j + φ j C. Substituting these products into (2), we obtain the following components of the metric tensor
where ∆A = A − A is the standard deviation operator and {A, B} = AB + BA is the anticommutator of two operators. The metric (8) is defined by the 2n local basis vectors
It is easy to see that the components of the metric tensor do not depend on the parameters θ j and φ j when the commutator between operator A j and B j equals some constant or zero. Then we have the metric of the flat manifold [41] 
For example, let us consider the case when the Heisenberg Lie algebra is generated by the position r, momentum p and unit I operators
where x j and p j are the components of the position and momentum operators, respectively. We seth = 1. Then the state generated by the action of the operator (4) with A j = x j , B j = p j on the initial state |ψ i can be expressed as follows
In this equation the first and second multipliers are translation operators in position and momentum spaces, respectively. Since the operator C = 1 is a constant, the metric of the manifold defined by transformation (12) is calculated using equations (10) . So, the metric of the manifold generated by algebra (11) is flat,
For instance, let us take the initial state |ψ i of the one-dimensional harmonic oscillator |n . Then, the momentum x and position p operators can be represented by the bosonic creation a + and annihilation a operators
where m and ω are the mass and the angular frequency of the oscillator, respectively. Using equations (13) with expressions (14) we obtain
This is the metric of the infinite plane which contains all states obtained by transformation (12) 3 The Fubini-Study metric of quantum states manifold generated by so(3) Lie algebra operators
In the present section, we study the Fubini-Study metric of the manifold which contains the quantum states obtained by the action of the SO(3) group element U on the initial state |ψ i . It is well known that an arbitrary element of SO(3) group can be expressed using the elements from one-parametric subgroup as follows
where θ i are the Euler angles and A i are the Hermitian operators which satisfy the commutation relations
Similarly to the previous case, we calculate the Fubini-Study metric of the manifold generated by transformation (6) with unitary operator (16) . So, we obtain the components of the metric tensor
where we introduce the following notations
Expressions (18) describe the metric of the three-parametric quantum states manifold defined by the three local basis vectors
Let us consider some physical examples. Example I. In this example we consider the rotation of the quantum state of spin-s. The components of the spin-s operator S = (S x , S y , S z ) are the generator of so(3) algebra (17) with A 1 ≡ S z , A 2 ≡ S x , A 3 ≡ S y . The arbitrary rotation of quantum state of spin |ψ i can be realized using (16) . It can be implemented if the magnetic field is applied along the respective directions. Then the role of the Euler angles plays θ 1 = ht 1 , θ 2 = ht 2 and θ 3 = ht 3 , where h is the value of the magnetic field and t i is the period of the action of the magnetic field along specific direction. So, the metric of quantum manifold defined by these rotations is described by expression (18) . If the initial state is the eigenstate of the S z operator with the eigenvalue m then
and metric takes the form [11]
where R = γ/ √ 2 s(s + 1) − m 2 . This is the metric of the sphere of radius R. As we can see this manifold is two-parametric. Thus, the evolution of spin-s between two states on this sphere is provided by the rotation of the spin about some axis defined by unit vector [11] .
In the general case when the initials state is a superposition of the eigenstates |m
the geometry of state manifold is more difficult and is defined by three parameters. Here C m is a set complex parameters which define the initial state and satisfy the normalization condition |ψ i = s m=−s |C m | 2 . For instance, if we consider the following state |ψ i = C −1 | − 1 + C 1 |1 of spin-1 system then the components of metric tensor takes the form
where
Example II. Let us consider the two spin-1 2 system which are described by the Hamiltonian
are the spin components, J k (k = 1, 2) are the interaction coupling, and h z is proportional to the value of the magnetic field. The first term is the z-component of the DzyaloshinskyMoria Hamiltonian, the second term describes the XX interaction between spins and the third term describes the interaction of the magnetic field with spins. It is important to note that the effective spins model can be prepared on ultracold atoms in optical lattice [42, 43] . So, using the methods based on the interference of laser beams [44] we can provide individually to each spins the effective magnetic field. This allows to apply to the spins the opposite magnetic fields along the z-axis.
We can see that the operators in Hamiltonian (23) are the generators of so (3) algebra (17) if we introduce the notation
Here the operator of evolution can be also expressed in the form (16) with Euler angles θ 1 = h z t 1 , θ 2 = J 1 t 2 and θ 3 = h z t 3 . It is easy to find the relations of the time of evolution in U = exp (−iHt) and the Euler angles.
For this purpose, we equate the operator of evolution with Hamiltonian (23) to unitary operator (16) with (24). Then we obtain tan
It is worth noting that Hamiltonian (23) provides the evolution on subspace spanned by | ↑↓ and | ↓↑ vectors [45] . Let us put the initial state in the form |ψ i = | ↑↓ or | ↓↑ . Then we obtain that in this case the evolution of system happens on manifold with metric of sphere (20) of radius γ/2. In this case similarly as in the previous example the evolution is determined by two parameters. However if the initial state has the form |ψ i = a| ↑↓ +b| ↓↑ then the evolution of the system happens on the three-parametric manifold.
Also, there exists a similar Hamiltonian of two spins which provides the quantum evolution on the subspace spanned by | ↑↑ and | ↓↓ vectors and consists of the operators which satisfy the Lie algebra (17)
In this case the generators of so (3) algebra (17) are the following
Similarly as in the previous case we can generate the evolution of two-spin system using the unitary operator (16) with Euler angles θ 1 = h z t 1 , θ 2 = J 2 t 2 and θ 3 = h z t 3 . We obtain that if the initial state is | ↑↑ or | ↓↓ then evolution of system happens on manifold which is the sphere of radius γ/2. Example III. The previous example can be generalized as follows
where n = (sin η cos χ, sin η sin χ, cos η) is the unit vector represented by the polar η and azimuthal χ angles. These operators satisfy the Lie algebra (17) . The first term in Hamiltonian (28) defines the direction of the magnetic field, the second term describes the Dzyaloshinsky-Moria interaction, and the third term is the Heisenberg Hamiltonian. Hamiltonian (29) provides the evolution on subspace spanned by |+ − and |− + , where |+ = cos (η/2) | ↑ + sin (η/2) e iχ | ↑ and |− = − sin (η/2) | ↑ + cos (η/2) e iχ | ↑ are the states of spin-1/2 projected on the positive and negative directions of the unit vector n, respectively. So, in general case the evolution of two-spin system happens on the three-parametric manifold with metric defined by expression (18) . However, if the initial state is | + − or | − + then the manifold is two-parametric sphere of radius γ/2.
Generalization for an arbitrary Lie algebra
The problem which we considered in the previous sections can be generalized for an arbitrary Lie algebra defined by N operators A i , which satisfy the following brackets
where c 
where θ i are some real parameters. Similarly as in the previous cases, we calculate the components of the metric tensor
The operatorsÃ j are obtained using the Baker-Campbell-Hausdorff formula with the Lie brackets (30)
. . .
where 
Conclusion
We studied the geometry of the manifold which contains all quantum states achieved during the unitary transformation generated by 2n operators which in turn satisfy Heisenberg Lie algebra (5) . As a result the Fubini-Study metric of manifold was obtained. This metric is defined by 2n local basis vectors (9) which describe the flat manifold when the commutators between the operators equal some constant or zero and the curved manifold in other cases. For instance, we considered the case when the state manifold is generated by the momentum and position operators. We obtained that it is an infinite space where each point is determined by the translations of the initial state in momentum and position spaces, respectively. Also we solved the similar problem when the quantum state manifold is generated by the operators which satisfy so(3) Lie algebra (17) . We calculated metric tensors of manifold (18) and obtained local basis vectors (19) which define it. Using these results we studied the geometry of quantum state manifolds of some physical systems, namely, the arbitrary spin in the magnetic field and two-spin system described by the Hamiltonian with Heisenberg and Dzyaloshinsky-Moria interactions in the magnetic field. Finally, we calculated the Fubini-Study metric of quantum state manifold generated by arbitrary Lie algebra operators (32) .
